A graph is minimum weight drawable if it admits a straightline drawing that is a minimum weight triangulation of the set of points representing the vertices of the graph. In this paper we consider the problem of characterizing those graphs that are minimum weight draw~ble. Our contribution is twofold: We show that there exist infinitely many triangulations that are not minimum weight drawable. Furthermore, we present non-trivial classes of triangulations that are minimum weight drawable, along with corresponding linear time (real RAM) algorithms that take as input any graph from one of these classes and produce as output such a drawing. One consequence of our work is the construction of triangulations that are minimum weight drawab|e but none of which is Delaunay drawable--that is, drawable as a Delaunay triangulation.
Introduction and Overview
drawing. This, in turn, leads to the investigation of the design of efficient algorithms for computing such a drawing when one exists. Although these questions are far from being resolved in general, many partial answers have appeared in the literature. We give two such examples below.
A Gabriel graph (a~o called Gabriel drawing in the graph drawing literature) is a straight-line drawing such that two vertices u and v are adjacent if and only if the disk having u and v as antipodal points does not contain any other vertex of the drawing. Trees that admit a Gabriel drawing are characterized in [3] . Lubiw and Sleumer [25] show that every maximal outerplanar graph is Gabriel drawable. In [19] the characterization is extended to all outerplanar graphs. The area required by Gabriel drawings is investigated in [24] .
Delaunay triangulations are planar straight-line drawings with all internal faces triangles and such that three vertices form a face if and only of the the disk passing through them does not contain any other vertex of the triangulation. To our knowledge, no complete combinatorial characterization of Delannay drawable triangulations has been given to date. Di Battista and Vismara [7] give a characterization based on a non-linear system of equations involving the angles in the triangulation. Dillencourt has shown that all Delaunay drawable triangulations are 1-tough, and have perfect matchings [11] , and that all maximal outerplanar graphs are Delaunay drawable [10] . Dillencourt and Smith [12] show that any triangulation without chords or non facial triangles is Delannay drawable. A survey on the problem of drawing a graph as a given type of geometric graph can be found in [5] .
In this paper we consider a special type of straight-line drawing, a minimum weight drawing, whic~ has applications in areas including computational geometry and numerical analysis. Let C be a class of graphs, let P be a set of points in the plane, and let G be a graph such that 1. G has vertex set P, 2. the edges of G are straight-line segments connecting pairs of points of P, 3. G E C, and 4. the sum of the lengths of the edges of G is minimized over all graphs satisfying 1-3.
We call such a graph G a minimum weight representative o[ C. Given a graph G E C, we say that G has a minimum weight drawing for class C if there exists a set P of points in the plane such that G is a minimum weight representative of C. For example, a minimum spanning tree of a set P of points is a connected, straight-line drawing that has P as vertex set and minimizes the total edge length. So, letting C be the class of all trees, a tree G has a minimum weight drawing if there exists a set P of points in the plane such that G is isomorphic to a minimum spanning tree of P. A minimum weight triangulation of a set P is a triangulation of P having minimum total edge length. Letting C be the class of all planar triangulations, a planar triangulation G has a minimum weight drawing if there exists a set P of points in the plane such that G is isomorphic to a minimum weight triangulation of P.
The problem of testing whether a tree admits a minimum weight drawing is essentially solved. Monma and Suri [27] proved that each tree with maximum vertex degree at most five can be drawn as a minimum spanning tree of some set of vertices by providing a linear time (real RAM) algorithm. In the same paper it is shown that no tree having at least one vertex with degree greater than six can be drawn as a minimum spanning tree. As for trees having maximum degree equal to six, Eades and Whitesides [13] showed that it is NP-hard to decide whether such trees can be drawn as minimum spanning trees. The representabflity of trees as minimum spanning trees in three-dimensional space was studied in [23] .
Surprisingly, little seems to be known about the problem of constructing a minimum weight drawing of a planar triangulation. Moreover, it is still not known whether computing a minimum weight triangulation of a set of points in the plane is an NP-complete problem (see Garey and Johnson [14] [4] , and Dickerson and Montague [9] , Levcopoulos and Krznaric [21, 20] .
The problem examined in this paper is that of characterizing those triangulations that admit a minimum weight drawing. In [18, 171 it was shown that all maximal outerplanar triangulation are minimum weight drawable and a linear time (real RAM) drawing algorithm for computing a minimum weight drawing of these graphs was given.
Our contributions here are the following:
1. Exploit the relationship between locally minimum weight triangulations and minimum weight triangulations to construct classes of triangulations that are not minimum weight drawable. 2. Exhibit an ~nflnRe class of triangulations that can be drawn as minimum weight triangulations but not as Delannay triangulations. 3. Establish the minimum weight drawabUity of several non-trivial classes of triangulations, including wheels, spined triangulations, and nested triangulations. (For definitions see Section 2) 4. Investigate the combinatorial structure of minimum weight triangulations by means of the notion of skeleton of a triangulation, that is the graph induced by the set of its internal vertices. We show that any forest can arise as the skeleton of a minimum weight drawable triangulation. 5. Present linear time, real RAM algorithms that accept as input a minimum weight drawable triangulation of one of the types mentioned above and produce as output a minimum weight drawing of that triangulation.
Our algorithmic techniques generalize drawing strategies that have been devised in recent years to compute proximity drawings of graphs (see, e.g.,
[2, 6, 19]).
For reasons of space, the proofs have been omitted in this extended abstract.
Preliminaries
We first discuss some terminology and define classes of triangulations that are of interest in this paper. We then recall some basic properties of m!nimum weight triangulations.
Many classes of graphs arise from using some geometric constraint to define edges on a set of points in the plane. Three such classes, Gabriel graphs, Delaunay triangulations and minimum weight triangulations, have already been mentioned. Given a certain class C of graphs defined by such a method, we can define a graph G as being O drawable if G is isomorphic to some member of C. Thus in the rest of the paper we will refer to certain triangulations as being, for e~ample, Delaunay drawable, minimum weight drawable, locally minimum weight drawable (see below for a definition) and so forth.
We make particular use of some special types of triangulations. The class of k-nested triangulations can be recursively defined as follows. A three-cycle is a 0-nested triangulation. For k > 0, a k-nested triangulation is defined to be one having a triangular outer face, the deletion of which results in a k -1-nested triangulation. Figure 1 (b) shows a 3-nested triangulation.
Another family of triangulation we will study in this paper is the class of k-spined triangulations. Each element of the class is obtained by k-spining K4. Let ao, ax, a2 be the vertices on the outer face and let c be the interior vertex of K4. k-splnlng K4 consists of replacing edge ca2 with a path of k vertices such that each new vertex is adjacent to both ao and al. The resulting triangulation is a k-spined triangulation. Figure 1 (c) and (d) show a 1-spined and a 2-spined triangulation, respectively. The Delaunay drawability of spined triangulations is studied in [10] .
The skeleton of a triangulation is the graph induced by the set of its internal vertices. For example, the skeleton of a maximal outerplanar graph is the empty graph, the skeleton of a wheel graph consists of just one vertex (the center of the wheel). Figure 1 (a) shows a triangulation whose skeleton is a tree. In the figure, the skeleton is highlighted. We list some basic properties of minimum weight triangulations. If T is a triangulation, and abd and bed are two triangles of T which form a convex quadrilateral, then the operation of replacing edge bd with edge ac is called an edge flip. A triangulation T is locally minimum weight if no single edge flip reduces the weight of T.
Property 2.3 If a triangulation cannot be drawn as a locally minimum weight triangulation, then it cannot be drawn as a minimum weight triangulation.
In this paper we will explore the relationship between minimum weight drawable triangulations and Detaunay drawable triangulations. To our knowledge, no complete combinatorial characterization of Delaunay drawable triangulations has been to date given [10, 12, 11] . Di Battista and Vismara [7] give a characterization based on a non linear system of equations involving the angles in the triangulation. Dillencourt [10, 11] gives a set of necessary conditions for Delaunay drawability of a triangulation. In the following theorem, T is a triangulation, P a subset of the set S of the vertices of T, IPI is the cardinality of P, and T-P is the graph obtained by removing P (and all attached edges) from T.
Theorem 1. [10, 11] If a triangulation T can be drawn as a Delaunay triangulation, then for any given P C_ S the following two conditions hold. I. T is 1-tough, that is, T -P has at most IPI components. 2. T -P contains at most IP] -2 components that do not contain any vertez.
of the outer face of T.
Forbidden Triangulations
In Section 3.1 we show classes of minimum weight forbidden triangulations, i.e. triangulations that are not minimum weight drawable. Interestingly, the triangulations in these classes are also Delaunay forbidden, that is, they cannot be drawn as Delaunay triangulations. This observation leads us to compare minimum weight and Delaunay forbidden triangulations. In Section 3.2 we show an infinite family of triangulations that are minimum weight drawable and Delaunay forbidden.
Minimum weight forbidden triangulations
Our first lemma gives a set of necessary conditions that a triangulation must satisfy in order to be a locally minimum weight triangulation.
To any vertex v and incident face f of a triangulation T, we associate a variable a = a(v, f) called the angle of f at v; collectively these variables are called the angles of T. Any straight-line drawing of T determines values for these variables, and thus certain relations among the angles of T must hold. If the triangulation is to be locally minimum weight, additional relations among the magnitudes of the angles must hold. We define the magnitude of ~ by re(a) = 1 if (~ is obtuse and m((~) = 0 otherwise.
Lernma 2. Let T be a locally minimum weight triangulation. Then there exists an assignment of values to the angles of T such that the following condition holds:
For each pair of faces ft and f2 ofT that share an edge e, the two angles al in fl and a2 in fz opposite e satis~ re(a1) + m(c~2) < 1.
We can thus use Property 2.3 and Lemma 2 to identify forbidden triangulations. 
M[-imum weight drawable and Delatmay forbidden triangulations Lernrna 4. Every graph in the class described by Theorem 3 is also Delaunay forbidden.
The above lemma motivates us to investigate the relationship between Delaunay forbidden and minimum weight forbidden triangulations. 
Classes of Minimum Weight Drawable Triangulations
In this section we construct several classes of minimum weight drawable triangulations. The first two subsections discuss triangulations whose skeleton is either 
Wheel Graphs and Skeletons
In the previous section we established that a triangulation T may contain a subgraph which prevents T from being drawn as a minimum weight triangulation. This lea& us to examine the structure of the skeleton of the triangulation. We show here that any forest can occur as the skeleton of a minirnum weight triangulation. This is accomplished by describing methods for drawing any fan as a minimum weight triangulation, extending a minimum weight drawing of a fan by adding an additional fan, and repeating the previous step to build rnlnimllrn weight drawings the skeletons of which are arbitrary forests.
The simplest fan of interest to us is a kite: a fan with apex a having exactly three neighbors b, c, d. Clearly such a graph is minimum weight drawable; in fact any fan is minimum weight drawable. We will be interested in a certain type of minimum weight drawing of a fan. Let d(x, y) denote the Euclidean distance between points z and y in the plane.
LemmaT. Let F = {a, vx,. .
. ,v,,} be a fan with apex a, Consider a drawing o] F such that vl,...,vn are collinear and.for all 1 <_ i < j < k <_ n, d(vi, v~) > d(vj, a). Then there exists r > 0 such that if each v~ is moved away from a along the line via by a distance of at most r so as to form a convex drawing of F, the drawing so formed is a minimum weight drawing.
Using this lemma, a minimum weight drawing of any wheel can be obtained as follows: Delete one of the exterior vertices of the wheel, draw the fan that remains as in the preceding lemma, then replace the deleted vertex suitably far away from the rest of the fan.
We now describe a method for joining a minimum weight drawing of a given triangulation to one of a fan; it will be of use in our later constructions. Let F be a fan with apex a having neighbors {vl,..., v,} which has been drawn according to Lemma 7. Fix a particular vertex vi, 1 < i < n and let 0,7 > 0 be any angles satisfying the following conditions:
1. 0 +r is no larger than/vi-lvivi+l; 2. if i _> 3 then 0 + t.vi-2v~-lvi < lr; and 3. if i _ n -2 then r +/v~-2vi+lvi < 7r where all angles are internal angles of F. Let L~-I be the line through vi-1 maBng counterclockwise angle 8 with segment vi-lui, and let L~+I be the line through vi+l making clockwise angle r with segment vi+lvi. Let R be the quadrilateral region bounded by Li-1, Li+1, vi-lvi, and vi+lv~, and let Dr(v1) be the circle of radius r centered at nl, where r satisfies Observe that the preceding lemma can be used on a fan consisting of a single kite; this gives a second method for constructing a wheel having n > 3 spokes: just attach a fan having n -3 radial edges to a kite. Note also that given any fan F, we can choose X in the preceding lemma such that the only minimum weight triangulation of X U {vi} is isomorphic to T. Thus we can view Lemma 8 as providing a method for gluing any fan F with apex u to another fan F at (non-apex) vertex v by identifying u with v. The ideas contained in the proof of the lemma can also be used to design an efficient algorithm for producing a minimum weight drawing of a wheel. Since constructing a minimum weight drawing of a wheel with three spokes is trivial, it is straightforward to establish the following result. 
k-nested Triangulations
Lemma 13. Let T be a triangulation u~th triangular outer face, and let T' be the triangulation obtained by deleting the vertices on the outer face of T. If T' has a triangular outer face and is minimum weight drawable, so is T.
An application of Lemma 13 is the following. Lemma 
k-spirted Triangulations

Let T be a triangulation with triangular outer face fo, and let T ~ be obtained by adding a vertex v in the outer ]ace of T and connecting v with all vertices of fo. If T is minimum weight drawabte, so is T'.
An application of Lemma 15 is the following. 
Open Problems
Several problems remain open towards characterizing which graphs admit a minimum weight drawing; among the most relevant are: Does every triangulation whose skeleton is a forest admit a minimum weight drawing? Are there any Delaunay drawable but minimum weight forbidden triangulations? Are there other necessary conditions of the type expressed by Lemma 2.
